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We compute spectra of particles produced during a dilaton-driven kinetic inflation phase within
string cosmology models. The resulting spectra depend on the parameters of the model and on the
type of particle and are quite varied, some increasing and some decreasing with frequency. We use
an approximation scheme in which all spectra can be expressed in a nice symmetric form, perhaps
hinting at a deeper symmetry of the underlying physics. Our results may serve as a starting point
for detailed studies of relic abundances, dark matter candidates, and possible sources of large scale
anisotropy.
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I. INTRODUCTION
An inflationary scenario [1,2] (the so called “pre-big-bang” scenario) postulates that the evolution of the Universe
starts from a state of very small curvature and coupling and then undergoes a long phase of dilaton-driven kinetic
inflation, in which the curvature and coupling grow, and then at some later time joins smoothly standard Friedman-
Robertson-Walker (FRW) radiation dominated cosmological evolution, thus giving rise to a singularity free inflationary
cosmology. Since the graceful exit transition from the dilaton-driven phase to the decelerated FRW evolution cannot
occur while curvatures and coupling are small [3,4], an intermediate high curvature “string phase” [5], in effect replacing
the big bang, has to separate the early inflationary phase from the late FRW phase. The required initial conditions
of the Universe in this scenario were discussed [6–8], and the graceful exit transition is now better understood [9,10].
We assume that the appropriate initial conditions were chosen such that a long dilaton-driven inflationary phase
was indeed part of the evolution and that a later standard FRW cosmology followed, and wish to study possible
consequences.
We study production of a variety of particle types during the inflationary dilaton-driven phase. So far, most of the
produced particle spectra were found to rise sharply with frequency. Therefore, in these spectra, most of the power is
concentrated at higher frequencies, a property with interesting consequences [5,11–13], but also some disadvantages. In
particular, at very large wavelengths there is almost no power, making these inhomogeneity perturbations an unlikely
source for large scale anisotropy observed in the cosmic microwave background and required as seeds for structure
formation. The standard explanation given for the generic spectral frequency dependence is that since the curvature
increases sharply, particle production also increases and hence the resulting spectrum. Certain axionic perturbations
were so far the only exception found to this tendency [14]. We find that although sharply rising spectra are indeed
common, flatter spectra or even decreasing spectra are just as likely. We find that the slope of the spectrum depends
on the spin of the particle and on the type of dilaton prefactor and whether it is massless or massive, revealing a rich
range of spectral shapes, of which many more deserve further individual attention.
The model of background evolution we adopt in this paper is a simplified model. The evolution of the Universe
is divided into four distinct phases, the first phase is a long dilaton-driven inflationary phase. We assume that the
background solution is the simplest solution of the string-dilaton-gravity equations of motion in 4 dimensions, the
so called (+) branch vacuum. The second phase is a high-curvature string phase of otherwise unknown properties,
followed by ordinary FRW radiation dominated (RD) evolution and then a standard FRW matter dominated (MD)
evolution, both with a fixed dilaton. We assume that curvature stays high during the string phase, in a sense that
we define better later, but we do not assume any specific form of background evolution. Obviously, by doing that
we give up on the possibility of obtaining any information about the produced particles during the string phase. We
postpone such analysis until some better ideas and more reliable methods for handling the string phase are at hand
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(see, however, [5,15]). We do not lose the ability to compute the spectra produced during the dilaton-driven phase,
as we explain later. We parametrized our ignorance about the string phase background, as in [5], by the ratios of the
scale factor and the string coupling, at moments in (conformal) time marking the beginning and end of the string
phase zS = a1/aS and g1/gS . It turns out that in the generalized setting we use, these two parameters are still
sufficient to parametrize all spectra.
Particles get produced during the dilaton-driven phase by the standard mechanism of amplification of vacuum
fluctuations [16,17]. Deviations from homogeneity and isotropy are generated by quantum fluctuations around the
homogeneous and isotropic background and then amplified by the accelerated expansion of the Universe. In practice,
we compute particle production in the standard way, by solving linearized perturbation equations with vacuum
fluctuations boundary conditions. The general solution of the perturbation equation is a linear combination of two
modes, one which is approximately constant for wavelengths large compared with the curvature of the Universe (outside
the horizon), and one which is generically time dependent outside the horizon. We understand the appearance of a
constant mode as the freezing of the perturbation amplitude, since local physics is no longer active on such scales.
The existence of the time dependent mode can be most easily understood in terms of a constant mode of the conjugate
momentum of the perturbation [18]. The amplitude of the conjugate momentum also freezes outside the horizon, since
local physics is no longer active on such scales. This forces the time derivative of the perturbation to be non-vanishing,
leading to a “kinematical” time dependence of the perturbation amplitude. The analysis of perturbation equations
and their the solutions in the Hamiltonian formalism was first suggested in [18], as a way of understanding certain
symmetries of the spectra of gravitons and photons.
In addition to the dilaton and metric, string theory contains many other fields that have trivial expectation values
in our model of background evolution and do not affect the classical solutions, but they do fluctuate. We are interested
in “low-mass” fields, which are either massless, or have masses much below the string scale, such as moduli, gauge
bosons, and their superpartners. In realistic models the mass of different fields may depend in a complicated way on
the dilaton or other moduli. We will take the mass as an additional parameter and assume that it vanishes in the
dilaton-driven phase and takes a constant value, much smaller than the string mass Ms = Mpg1 (Mp is the Planck
mass), from the start of the RD era and on. This assumption could be relaxed without substantial changes in results.
For simplicity, we assume that the produced particles are stable particles, decoupled from the radiation thermal bath.
Adding the effects of interactions with the thermal bath and decay is rather straightforward and has to be done on a
case by case basis.
For a large class of particles, it is enough to specify a particle type with two parameters, m and l, specifying the
interaction of the field with the background metric and dilaton. We explain the appearance of these parameters in
more detail later, but for now we give the following list for some particular cases. For the dilaton or graviton m = 1
and l = −1, for the model independent axion m = l = 1, for perturbative gauge fields such as photons, m = 0 and
l = −1, while for some non-perturbative gauge fields m = 0 and l = 0, Ramond-Ramond axions and non-perturbative
scalars have m = 1 and l = 0. In general, fields with more tensor indices tend to have smaller (more negative) m’s.
We do not know at the moment a general rule for allowed values of m and l, but it is obvious that many combinations
are possible.
Possible benefits of our results are expected to come from several different aspects. First, from the different
dependence on the fundamental parameters gS , zS of decreasing as well as increasing spectra. This leads to different
constraints on the allowed range of parameters, allowing to narrow their range and give better prediction for the
spectrum of relic gravitational radiation background. Flatter spectra allow the possibility of producing large scale
inhomogeneities with enough power to explain observed cosmic microwave background anisotropies. Another exciting
possibility is that some of the weakly interacting particles will constitute the dark matter in the Universe. Our results
provide a starting point for actual calculations regarding these issues and we hope to study them in the future.
Until now, the spectra that were computed were the following. Production of gravitons, for which the full dependence
on parameters, effects of late time evolution and observability were taken into account [5,11]. Production of dilatons
was partially studied [13], not taking into account the effects of an intermediate string phase. Photon production was
studied [12], taking into account dependence on parameters and late time evolution. Certain axionic perturbations
were studied without taking into account the effects of an intermediate string phase and the effects of mass [14]. In
[19] some additional fields were studied.
Because this work is the first attempt to make a comprehensive survey of particle production in string cosmology
models, in the hope of discovering some interesting phenomena, as we indeed do, we adopt a modest, minimalist
approach. Our main goal in this paper is to show that spectra of produced particles come in different shapes, and
we feel that this point is better demonstrated with spectra than can be reliably computed. We use approximations
that we judge not to hide our main results and are accurate enough for our purposes. There are, however, many
obvious improvements, which could be implemented if necessary. We would like to issue a warning about numerical
coefficients, which should not be taken too seriously, in view of the approximations we used. In the same spirit we
make no attempt to obtain bounds from constraints on the total energy in fluctuations, or to require that the total
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number of particles leads to the observed radiation (as in [19]), or to impose any other additional requirements on
the spectra. We believe that this should be done for each class of particles separately, with additional input in the
form of assumptions about stability, interactions and dependence on late stages of the evolution. We are completing
a study of relic abundance axions [20], and plan to study some additional interesting cases.
The plan of the paper is as follows. In section 2 we describe in more detail the model of background evolution,
the perturbation equations, and their boundary conditions. In section 3 we describe our method of solving the
perturbation equations, and solve them. The paper is quite technical and we have made a special effort to summarize
our results in a self-contained form in section 4. The last section contains our conclusions and some preliminary
consequences.
II. BACKGROUND EVOLUTION AND PARTICLE PRODUCTION
In this section we describe the model of background evolution, the perturbation equations obeyed by the different
fields, and our method of solving these equations.
A. The model of background evolution
The model of background evolution we adopt in this paper is a simplified model. The evolution of the Universe
is divided into four distinct phases, the first phase is a long dilaton-driven inflationary phase, the second phase is a
high-curvature string phase of otherwise unknown properties, followed by ordinary FRW RD evolution and then a
standard FRW MD evolution. We assume throughout an isotropic and homogeneous four dimensional flat Universe,
described by a FRW metric with the line element ds2 = a2(η)
(
dη2 − δijdxidxj
)
, where η is conformal time and a(η)
is the scale factor. The dilaton φ is time dependent, φ = φ(η). All other fields that we will be interested in are
assumed to have a trivial VEVs. Therefore, to specify the phases in a concrete way, we need to specify two functions,
a(η) and φ(η) and the conformal time boundaries between the phases, which we proceed to do.
• The dilaton-driven inflationary phase lasts while η < ηs, and while it lasts the scale factor and dilaton are given
by the solution of the lowest order string-dilaton-gravity equations of motion, the so-called (+) branch vacuum,
a = as
(
η
ηs
)(1−√3)/2
, eφ = eφs
(
η
ηs
)−√3
.
(2.1)
where as = a(ηs) and φs = φ(ηs). Both curvature and coupling are growing in this phase, which is expected to
last until the time ηs when the curvature reaches the string scale and the background solution starts to deviate
substantially from the lowest order solution. For recent ideas about how this may come about see [9,10].
• The string phase lasts while ηs < η < η1. We assume that curvature stays high during the string phase. As in
[21], we assume that the string phase ends when H(η1)/a(η1) ≃ Ms. We therefore implicitly assume that the
string coupling at the end of the string phase is higher than it’s value at the beginning of the string phase and
that it does not decrease much during the string phase. But we do not assume any specific form of background
evolution. Obviously, by doing that we give up on the possibility of obtaining any information about the
produced particles during the string phase. We postpone such analysis until some better ideas and more reliable
methods for handling the string phase are at hand (see, however, [15]). We do not lose the ability to compute
the spectra produced during the dilaton-driven phase, as we explain later. We parametrized our ignorance about
the string phase background, as in [5], by the ratios of the scale factor and the string coupling g(η) = eφ(η)/2,
at the beginning and end of the string phase zS = a1/aS and g1/gS , where g1 = e
φ(η1)/2 and gS = e
φ(ηS)/2. It
turns out that also in the generalized setting we use, these two parameters are enough. We take the parameters
to be in a range we consider reasonable, for example, zS could be in the range 1 < zS < e
45 ∼ 1020, to allow
a large part of the observed Universe to originate in dilaton-driven phase, and g1/gS > 1. Note that unlike
[5] or [15] we do not assume a specific background during the string phase. The time η1 marks the start of
the RD era as we explain below. Some other useful quantities that we will need are ω1, the frequency today,
corresponding to the end of the string phase, estimated in [21], and the frequency ωs = ω1/zS, the frequency
today corresponding to the end of the dilaton-driven phase.
Our definition of the string phase encompasses the whole duration in between the end of the dilaton-driven
phase and the onset of RD phase, which may be quite complicated as in [10].
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• The FRW RD phase is assumed to follow the string phase and last while η1 < η < ηeq,
a = a1
(
η
η1
)
, eφ = eφ1 = const. (2.2)
where ηeq is the time of matter-radiation equality, a1 = a(η1) and φ1 = φ(η1) . Note that the dilaton is taken
to be strictly constant, frozen at its value at η = η1.
• The FRW MD phase is assumed to last while ηeq < η < η0
a = aeq
(
η
ηeq
)2
, eφ = eφ1 = const. (2.3)
where η0 is today’s conformal time and aeq = a(ηeq). Note that the constant value of the dilaton is further
assumed to be that of today. Some possible consequences of late time evolution of the dilaton were discussed in
[22].
For more accurate results, we could have used a more sophisticated description of the RD and MD phases using
entropy conservation, effective number of degrees of freedom and temperature, as was done in [21].
We presented our model in the string frame, using string frame conformal time. Another favorite choice is the
Einstein frame, in which the gravitational action takes the standard Einstein form. We continue to use the string
frame exclusively throughout the paper. General arguments [23], and many explicit examples have shown that physical
quantities such as energy density or number density can be computed in any frame.
B. The perturbation equation
Deviations from homogeneity and isotropy are generated by quantum fluctuations around the homogeneous and
isotropic background and then amplified by the accelerated expansion of the Universe. In addition to the dilaton
and metric, string models contain many other fields that have trivial expectation values in our model of background
evolution and do not affect the classical solutions, but they do fluctuate. We are interested in “low-mass” fields, which
are either massless, or have masses much below the string scale, such as moduli, gauge bosons, and their superpartners.
The action for each field’s perturbation is obtained by expanding the 4 dimensional effective action of strings,
which generically, for a tensor field of rank N , has the form 12
∫
d4x
√−gelφL2(Tµ1,...,µN ), where the parameter l in
the dilaton prefactor is determined by the type of field. The second order covariant Lagrangian L2 contains a kinetic
term and possibly also a mass term. Setting the dilaton and metric at their background values, gµν(η) = a
2(η)ηµν ,
φ(η) results in a quadratic action for each physical component of the perturbation, which we denote by ψ,
A =
1
2
∫
dη d3x a2melφ
(
ψ′2 − (∇ψ)2 −M2a2ψ2) (2.4)
where ′ denotes ∂/∂η, M is the mass of the perturbed field and m and l depend on the type of field. We ignore com-
plication associated with gauge invariance and work directly with physical components. For example, the background
metric has 10 components of them 8 are non-physical, and each of the two physical components has an effective action
of the form (2.4).
As already mentioned, we are interested in particles for which the mass M is either vanishing, or much smaller
than Ms. In realistic models the mass may depend in a complicated way on the dilaton or other moduli. We will take
M as an additional parameter and assume that it vanishes in the dilaton-driven phase and takes a constant value,
much smaller than Ms, from the start of the RD era and on. The parameters l and m take the following values in
some particular cases. For the dilaton or graviton m = 1 and l = −1, for the model independent axion m = l = 1,
for perturbative gauge fields such as photons, m = 0 and l = −1, while for some non-perturbative gauge fields m = 0
and l = 0, Ramond-Ramond axions and non-perturbative scalars have m = 1 and l = 0. In general, fields with more
tensor indices tend to have smaller (more negative) m’s. For example, the physical components of a 2-index tensor,
whose field-strength is a 3-index tensor could have m = −1. We do not know at the moment a general rule for allowed
values of m and l, but it is obvious that many combinations are possible.
The linearized equation of motion, satisfied by the field perturbation ψ, derived from the action (2.4) is the following,
(△+M2)ψ + (l + (m− 1)(1− 1/√3)) a−2ψ′φ′ = 0 (2.5)
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where △ψ is the covariant Laplacian and we have used the fact that for our particular case eφ(η) = a(η)3+
√
3. In
Fourier space △ψ = a−2 [ψ′′k + 2Hψ′k + k2ψk] and therefore the perturbation equation (2.5) is the following
ψ′′k +
[
2H +
(
l + (m− 1)
(
1− 1/
√
3
))
φ′
]
ψ′k +
(
k2 +M2a2
)
ψk = 0. (2.6)
Using the transformation χ = S(η) ψ where S(η) = a(η)mg(η)l and g(φ) = eφ/2, eq.(2.6) can be simplified,
χ′′k +
(
k2 +M2a2 − S
′′
S
)
χk = 0. (2.7)
The function S(η) was first introduced in [18].
C. Approximate forms and solutions of the perturbation equation
Before trying to actually solve eq.(2.7) it is useful to look at approximate forms of the equation and their solutions
in different physical situations.
A few special moments exist in the life of a perturbation, first, η → −∞ when it is essentially a free field perturbation
in flat space-time. Then, the time ηex when the rate of expansion H becomes too fast for a given perturbation and it
“exits” the horizon and its amplitude freezes (see below). The perturbation remains “outside the horizon” until the
“reentry” time ηre when the expansion rate H is again slow enough and the perturbation defreezes. We are interested
in perturbations that exit during the dilaton-driven phase ηex < ηs, and reenter during RD, ηre > η1. We do assume
that all perturbations stay outside the horizon during the string phase, using in an essential way that the curvature
during the string phase stays high.
In the range η < ηex, k
2 > S′′/S ∝ H2, in the range ηex < η < ηre, k2 +M2a2 < S′′/S ∝ H2 and in the range
η > ηre, k
2 +M2a2 > S′′/S ∝ H2. Since we are interested in fields whose mass gets generated after the onset of RD
and then have small masses, we observe that in the whole range −∞ < η < ηre the mass term in the perturbation
equation may be ignored. In effect, in this range of time, we may use the approximate form
χ′′k +
(
k2 − S
′′
S
)
χk = 0. (2.8)
The general solution of the perturbation equation is a linear combination of two modes, one which is approximately
constant outside the horizon and one which is generically time dependent outside the horizon. We understand the
appearance of a constant mode as the freezing of the perturbation amplitude, since local physics is no longer active
on such scales. The existence of the time dependent mode can be most easily understood in terms of a constant mode
of the conjugate momentum of ψ, Π = S2(η)ψ′. The amplitude of the conjugate momentum also freezes outside
the horizon, since local physics is no longer active on such scales. This forces S2(η)ψ′ to be approximately constant
leading to a “kinematical” time dependence of ψ. The perturbation for Πk is simplified if rewritten for χ
pi
k = S
−1Πk
χpi ′′k +
(
k2 − (S
−1)′′
S−1
)
χpik = 0 (2.9)
and it’s solutions are Bessel functions, as for χk.
In the RD Universe (MD Universe) a = a1η/η1 (a = a1ηeq/η1 (η/ηeq)
2), thus even if the S′′/S is dominant at the
beginning of the RD phase, then at later times M2a2 + k2 becomes dominant and therefore in the range η > ηre the
perturbation equation may be approximated by
χ′′k +
(
k2 +M2a2
)
χk = 0. (2.10)
The number density and energy density of the produced particles can be easily read off from the solutions of
eq.(2.10) in a standard way [16].
We solve the perturbation equation using the following general method. We solve the early time equation with
boundary conditions of normalized vacuum fluctuations. We assume that the constant mode of ψ and the constant
mode of Π remain constant also while outside the horizon during the string phase, thus bridging the gap of unknown
background evolution during the string phase. We then match the early time solutions to the late time solutions
at η = η1 when both the early time and late time equation are expected to be good approximations. For massive
particles, an additional matching step is performed at η = ηre. In all known cases our method reproduces results
obtained by assuming specific background evolution during the string phase.
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III. SOLUTIONS OF THE PERTURBATION EQUATION
In this section we solve the perturbation equation, using the general procedure outlined in the previous section and
obtain the necessary ingredients to assemble the spectra of produced particles.
A. Early time solutions
As explained previously, the approximate perturbation equation for early times is given by
χ′′k +
(
k2 − S
′′
S
)
χk = 0. (3.1)
In the range η < ηs, S(η) = a
m
s e
lφs/2 (η/ηs)
1/2−ns where ns =
(√
3(l +m) + 1−m) /2, and in the range η > η1,
S(η) = am1 e
lφ1/2 (η/η1)
1/2−n1 where n1 = 12 −m. Therefore, S′′/S = (n2 − 14 )η−2, where n stands for either ns or n1,
and the perturbation equation (3.1) takes the following simple form
χ′′k +
(
k2 − (n2 − 14 )η−2
)
χk = 0. (3.2)
The solutions of this equation are Bessel functions. For the special values ns = ± 12 (corresponding for example
to m = 0, l = 0), or n1 = ± 12 (corresponding to m = 0, 1), the equation simplifies and the solutions are simple
exponentials. It is nevertheless possible to continue to use the general setup and substitute these special values at the
end.
Imposing that for kη −→ −∞ the solution corresponds to vacuum fluctuations 1√
2k
e−ikη, we obtain for η < ηs
χk(η) =
√
pi
2
√
ηJn(kη) +
√
pi
2
√
ηYn(kη), (3.3)
while for for η > η1 we do not have any restrictions on the solution,
χk = A
√
ηJn(kη) +B
√
ηYn(kη). (3.4)
For η < ηs, for perturbations outside the horizon, |kη| <∼ 1, χk can be approximated by
χk =
√
pi
2
(1− i cot (nspi))
Γ (1 + ns)
√
η
(
kη
2
)ns [
1− (kη)
2
2(2 + 2ns)
]
− i
√
pi
2
csc (nspi)
Γ (1− ns)
√
η
(
kη
2
)−ns [
1− (kη)
2
2(2− 2ns)
]
, (3.5)
while for η > η1 and kη <∼ 1, χk can be approximated by
χk = A
(1− i cot (n1pi))
Γ (1 + n1)
√
η
(
kη
2
)n1 [
1− (kη)
2
2(2 + 2n1)
]
− iB csc (n1pi)
Γ (1− n1)
√
η
(
kη
2
)−n1 [
1− (kη)
2
2(2− 2n1)
]
. (3.6)
Therefore, in the range η < ηs the solution is approximately given by
ψink =
2−1−ns√
piks
Γ (−ns) a−ms e−lφs/2 (ksk)ns η2ns
[
1− (kη)
2
2(2 + 2ns)
]
+
2ns−1√
piks
Γ (ns) a
−m
s e
−lφs/2
(
k
ks
)−ns [
1− (kη)
2
2(2− 2ns)
]
, (3.7)
where we have used the relations Γ(n)Γ(1 − n) = pi/ sin(npi) and Γ(−n)Γ(1 + n) = pi |1− i cot(pin)|, and defined
ks ≡ 1/|ηs|. In the range η > η1 we obtain
ψoutk = A
1
2pi
√
k1
2−n1Γ (−n1) a−m1 e−lφ1/2 (k1k)n1 η2n1
[
1− (kη)
2
2(2 + 2n1)
]
+ B
1
pi
√
k1
2n1Γ (n1) a
−m
1 e
−lφ1/2
(
k
k1
)−n1 [
1− (kη)
2
2(2− 2n1)
]
, (3.8)
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where we have used the relations Γ(n)Γ(1 − n) = pi/ sin(npi) and Γ(−n)Γ(1 + n) = pi |1− i cot(pin)| and defined
k1 ≡ 1/η1. Note that we have kept, for later use, also the next to leading terms. The corrections are of order (kη)2,
which is a very small quantity, showing that the approximation we use is quite good.
The perturbation equation for χpi is the following
χpik
′′ +
(
k2 − (S
−1)′′
S−1
)
χpik = 0, (3.9)
and it’s solutions are Bessel functions, as for χk. We normalize the solution at early times to vacuum fluctuations,√
k√
2
e−ikη (note the
√
k instead of 1/
√
k in the normalization of the momentum). Substituting the explicit expressions
for S(η) = am(η)elφ(η)/2, where a(η) and φ(η) are given in eq.(2.1), eq.(3.9) takes a form similar to eq.(3.2), except
that instead of ns appears n
pi
s and instead of n1 appears n
pi
1 , where n
pi
s = ns − 1 =
(√
3(l +m)− 1−m) /2 and
npi1 = n1 − 1 = − 12 −m. The solution of eq.(3.9) for η < ηs is the following
χpik =
√
pi
2
√
ηJnpis (kη) +
√
pi
2
√
ηYnpis (kη), (3.10)
and for η > η1
χpik = A
√
ηJnpi
1
(kη) + B
√
ηYnpi
1
(kη). (3.11)
For the special values npis = ± 12 and npi1 = ± 12 the solution reduces to a sum of exponentials. It is nevertheless possible
to use the general formulae for these special values as well.
For η < ηs, for perturbations outside the horizon, |kη| <∼ 1, χpi can be approximated by
χpik =
Γ (−npis )
2
√
pi
k
√
η
(
kη
2
)npis [
1− (kη)
2
2(2 + 2npis )
]
− iΓ (n
pi
s )
2
√
pi
k
√
η
(
kη
2
)−npis [
1− (kη)
2
2(2− 2npis )
]
, (3.12)
while for η > η1, kη <∼ 1, χpi can be approximated by
χpik = Api
Γ (−npi1 )
pi
√
η
(
kη
2
)npi
1
[
1− (kη)
2
2(2 + 2npi1 )
]
− iBpiΓ (n
pi
1 )
pi
√
η
(
kη
2
)−npi
1
[
1− (kη)
2
2(2− 2npi1 )
]
. (3.13)
Since for η < ηs, Π = Sχ
pi = ams e
lφs/2 (η/ηs)
1/2−ns χpi,
Πink =
2−1−n
pi
s√
pi
Γ (−npis ) ams elφs/2 (ks)1/2
(
k
ks
)ns [
1− (kη)
2
2(2 + 2npis )
]
− i2
npis−1√
pi
Γ (npis ) a
m
s e
lφs/2k (ks)
−1/2
(ksk)
−ns+1 η−2n
pi
s
[
1− (kη)
2
2(2− 2npis )
]
, (3.14)
and since for η > η1, Π = Sχ
pi = am1 e
lφ1/2 (η/η1)
1/2−n1 χpi,
Πoutk =
2−n
pi
1
pi
ApiΓ (−npi1 ) am1 elφ1/2k−1k1/21
(
k
k1
)n1 [
1− (kη)
2
2(2 + 2npi1 )
]
− i2
npi
1
pi
BpiΓ (n
pi
1 ) a
m
1 e
lφ1/2k
−1/2
1 (k1k)
−n1+1 η−2n
pi
1
[
1− (kη)
2
2(2− 2npi1 )
]
. (3.15)
1. Bridging the gap: The constant mode of ψ
We will compute the contribution to the out perturbation from the constant mode of ψin. From the second term
of eq.(3.7) we obtain the the constant mode of ψin
ψink =
1√
piks
2ns−1Γ (ns) a−ms e
−lφs/2
(
k
ks
)−ns
.
(3.16)
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For η > η1, ψ
out is given in eq.(3.8). We assume that the constant mode of ψ is indeed constant during the string
phase (and, in general, outside the horizon), as explained in the previous section, and use this to connect the two
solutions by matching them and their first derivatives at η = η1. This matching procedure is expected to be quite
accurate because we match the solutions at a point in time at which both solutions are well outside the horizon. We
present the matching equations once explicitly, to emphasize the importance of keeping the next to leading terms in
eqs.(3.7) and (3.8).
1
2
√
piks
2nsΓ (ns) a
−m
s e
−lφs/2
(
k
ks
)−ns
=
B
2n1
pi
√
k1
Γ (n1) a
−m
1 e
−lφ1/2
(
k
k1
)−n1
+A
2−n1
2pi
√
k1
Γ (−n1) a−m1 e−lφ1/2 (k1k)n1 η2n11 ,
0 = − B 2
η1
(kη1)
2
2(2− 2n1)
2n1
pi
√
k1
Γ (n1) a
−m
1 e
−lφ1/2
(
k
k1
)−n1
+
A
2−n1
2pi
√
k1
Γ (−n1) a−m1 e−lφ1/2 (k1k)n1 η2n11
2n1
η1 .
(3.17)
The solution of eq.(3.17) is
A =
2ns+n1−2
√
pi
n1(1 − n1)
Γ (ns)
Γ (−n1)z
−3/2+m+n1
S
(
gS
g1
)−l(
k
ks
)2−n1−ns
(3.18)
B = 2ns−n1−1
√
pi
Γ (ns)
Γ (n1)
z
1/2+m−n1
S
(
gS
g1
)−l(
k
ks
)n1−ns
.
(3.19)
To obtain eqs.(3.18),(3.19) we have used the definitions zS = a1/aS , g1 = e
φ1/2, gS = e
φS/2. Note that had we not
kept the next to leading terms in eq.(3.7) we would have obtained A = 0.
To summarize, plugging in the resulting coefficients from eqs.(3.18) and (3.19) into eq.(3.8) we obtain
ψoutk =
1√
piks
2ns−1Γ (ns) a−ms g
−l
S z
2m
S
(
k
ks
)−ns
+
1√
piks
2ns−2Γ (ns)
n1(1 − n1) a
−m
s g
−l
S z
n1−1
S
(
k
ks
)2−ns
(ksη)
2n1
. (3.20)
The out solution (3.20) may be put, using the the relation kSzS = k1, in the form ψ
out
k = C1
[
1 + C2
(
k
k1
)2
(k1η)
2n1
]
,
where C2 is a numerical coefficient of order 1. At η = η1, the ratio of the two terms is approximately (kη1)
2 ≪ 1,
because k1η1 = 1. However, at later times, using eq.(3.4), the general solution is given by ψ
out
k ≃ A S−1(η)
√
ηJn1(kη)+
B S−1(η)
√
ηYnpi
1
(kη). A good time to look at is near ηre. At that time the magnitude of both Bessel functions is
generically the same, and to decide on the leading contribution we look at the ratio of the coefficients A/B ≃(
k
k1
)2−2n1
. Therefore the leading contribution at much later times depends on n1. For n1 > 1, A ≫ B and the
leading contribution will be from the time dependent term in eq.(3.20), and for n1 < 1, B ≫ A and the leading
contribution will be from the constant term in eq.(3.20). In conclusion, for later times,
ψoutk ≃ A S−1(η)
√
ηJn1(kη) n1 > 1 (3.21)
ψoutk ≃ B S−1(η)
√
ηYn1(kη) n1 < 1, (3.22)
where A and B are given by eq.(3.18) and eq.(3.19).
2. Bridging the gap: The time dependent mode of ψ
We will compute the contribution to the out perturbation from the time dependent mode of ψin. The time dependent
mode of ψ can be extracted from the first term in eq.(3.7),
ψink =
1
2
√
piks
2−nsΓ (−ns) a−ms e−lφs/2 (ksk)ns η2ns. (3.23)
Since for η < ηs, S
2(η) = a2ms e
lφs (η/ηs)
1−2ns , we obtain
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ψink
′
S2 =
ns
√
ks√
pi
2−nsΓ (−ns) ams elφs/2
(
k
ks
)ns
= const. (3.24)
We can see explicitly that the time dependent mode of ψ corresponds to the constant mode of the canonically conjugate
momentum Π.
We compute the contribution from the time dependent mode of ψ using the constant mode of Π, assuming that it is
constant throughout the string phase (and, in general, outside the horizon), as explained in the previous section, and
use this to connect the two solutions by matching them and their first derivatives at η = η1. This matching procedure
is expected to be quite accurate because we match the solutions at a point in time at which both solutions are well
outside the horizon.
The solutions are given in eq.(3.14) and (3.15) and their matching yields
Api =
√
pi2n1−ns−1
Γ (1− ns)
Γ (1− n1)z
−1/2−m+n1
S
(
gS
g1
)l
k
(
k
ks
)−n1+ns
(3.25)
Bpi =
√
pi
23n1−ns−2
n1(1 − 2n1)
Γ (1− ns)
Γ (n1 − 1)z
−1/2−m−n1
S
(
gS
g1
)l
k
(
k
ks
)n1+ns
, (3.26)
where we have used the definitions of npis and n
pi
1 . Substituting into eq.(3.15) we obtain
Πoutk =
21−n1
pi
ApiΓ (1− n1) am1 elφ1/2k−1k1/21
(
k
k1
)n1
− i2
n1−1
pi
BpiΓ (n1 − 1) am1 elφ1/2k−1/21 (k1k)−n1+1 η2−2n1 (3.27)
with Api and Bpi given in eq.(3.25) and (3.26).
As for the case of the constant mode of ψ, we may compare the relative strength of the two terms. At η = η1, the
relative strength of the two terms is approximately (kη1)
2 ≪ 1, because k1η1 = 1. However, at later times, using
eq.(3.11), the general solution is given by Πoutk ≃ Api S(η)
√
ηJnpi
1
(kη) + Bpi S(η)
√
ηYnpi
1
(kη). A good time to look at
is near ηre. At that time the magnitude of both Bessel functions is generically the same and to decide on the leading
contribution we look at the ratio of the coefficients Api/Bpi ≃
(
k
k1
)−2n1
. Therefore the leading contribution at much
later times depends on n1. For n1 > 0, Api ≫ Bpi and the leading contribution will be from the time dependent term
in eq.(3.27), and for n1 < 0, Bpi ≫ Api and the leading contribution will be from the constant term in eq.(3.27). In
conclusion, for later times,
Πoutk ≃ S(η) Api
√
ηJnpi
1
(kη) for n1 > 0
Πoutk ≃ S(η) Bpi
√
ηYnpi
1
(kη) for n1 < 0 (3.28)
where Api and Bpi are given in eqs.(3.25), (3.26) .
B. Late time solutions and spectrum: The massless approximation
The perturbation equation in the range η > ηre is χ
′′
k +
(
k2 +M2a2 − S′′S
)
χk = 0. Because we cannot solve this
equation in a closed form for the general case, we use an approximate form of the equation to obtain approximate
solutions. We distinguish between two cases, k > Mare - the “massless approximation”; k < Mare - the “massive
approximation”, where are = a(ηre).
In the massless approximation the perturbation equation is χ′′k +
(
k2 − S′′S
)
χk = 0, which is the same equation we
solved already, so there’s no need for any additional steps. All we need to do is to take the late time solutions and
interpret them. In a standard way, we compute from the solution the number of produced particles at a given wave
number k, Nk, and the ratio of the energy density per octave of the produced particles to the critical energy density
dΩ
d lnω . For massless particles dΩ/(d lnω) = w
4Nω/(MpH0)
2, where H0 is today’s Hubble parameter,Mp is the Planck
mass and ω = k/a(η) [24].
We can further simplify the denominator (MpH0)
2. For that we switch momentarily to using cosmic time. We may
reexpress the relationH0 = Heq
teq
t0
, asH0 = H1
t1
teq
teq
t0
, whereH1 is the Hubble parameter at t1, the onset of RD. In MD
a(t) = aeq
(
t
teq
)2/3
and therefore
teq
t0
=
(
a0
aeq
)−3/2
. In RD aeq = a1
(
teq
t1
)1/2
, then t1teq =
(
aeq
a1
)−2
. Combining these
relations, we obtain H0 = H1
(
aeq
a1
)−2 (
a0
aeq
)−3/2
. Since we assumed that H1 = Ms then H0 = Ms
(
a1
a0
)2 (
a0
aeq
)1/2
.
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Now, Mp =Msg
−1
1 , Ms = ω1a0/a1 and ω1 = ωszS , and therefore Ms
a1
a0
= ωszS . Combining these relations we arrive
at our final destination
MpH0 =M
2
s
(
a1
a0
)2
z1/2eq g
−1
1
= ω2sz
2
Sz
1/2
eq g
−1
1 , (3.29)
where zeq = a0/aeq.
Substituting eq.(3.29) into the expression for the energy density we obtain the following expression
dΩ/(d lnω) = z−1eq z
−4
S g
2
1
(
ω
ωs
)4
Nω. (3.30)
The factor z−1eq , the redshift from the time of matter-radiation equality and today, appears because the energy density
of massless particles redshits faster than that of matter.
We may also discuss spectra of massive particles in the massless approximation. Although this may sound a little
strange, such an approximation does make sense, because it is made at ηre, when the effects of the mass can be
negligible. The only difference between massive particles and massless particles in the massless approximation is
in their energy density. The solutions near ηre are approximately the same, and therefore the number of produced
particles is the same as in the massless case. However, at much later times, the contribution from the mass may
dominate the energy density. We can then compute the ratio of the energy density per octave of the produced
particles to the critical energy density dΩd lnω . For massive particles dΩ/(d lnω) =
√
M2 + ω2w3Nω/(MpH0)
2, where
H0 is today’s Hubble parameter, Mp is the Planck mass and ω = k/a(η). Using eq.(3.29) we may show that
dΩ/(d lnω) = z−1eq z
−4
S g
2
1
√
M2 + ω2
ωs
(
ω
ωs
)3
Nω. (3.31)
An important difference compared with the massless spectrum is that one power of ω/ωs is replaced by
√
M2+ω2
ωs
(for ω < M). Because the energy density of massive particles redshits slower than that of radiation, two enhancement
factors will appear compared with the case of massless particles. One enhancement factor accounts for the period
between reentry and matter-radiation equality, in which the relative energy density of massive particles grows, while
that of massless particles remains constant. Another enhancement factor appears because the relative energy density
of massive particles stays constant during the matter dominated era, while that of massless particles decreases. It is
harder to see this factor in the equations because zeq also appears in the expressions for massive particles. However,
it’s appearance is artificial. The combination M/(zeqωs) =M/ωs(ηeq) actually does not depend on the redshift from
matter-radiation equality epoch until today.
1. Massless spectrum: contribution of the constant mode of ψ
The approximate late time solutions of the perturbation equation are given in eqs.(3.21), (3.22). Using the asymp-
totic expansion of Bessel functions, the solutions (either during RD or MD) approach, for kη > 1
ψk = S
−1 1√
2k
(
αke
−ikη + βkeikη
)
(3.32)
where
|αk| = |βk| = 2ns−n1
∣∣∣∣Γ (ns)Γ (n1)
∣∣∣∣ z1/2+m−n1S
(
gS
g1
)−l (
k
ks
)n1−ns
for n1 < 1 (3.33)
and
|αk| = |βk| = 2
ns+n1−1
n1(1 − n1)
∣∣∣∣ Γ (ns)Γ (−n1)
∣∣∣∣ z−3/2+m+n1S
(
gS
g1
)−l (
k
ks
)2−n1−ns
for n1 > 1 (3.34)
The number of massless particlesNk, can be expressed in the standard formNk = |βk|2. Using eq.(3.30), n1 = 12−m,
and using dΩψ to denote the contribution from the constant mode of ψ we arrive at the final expressions
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[
dΩψ
d lnω
]
n1<1
= 22ns+2m−1
Γ2 (ns)
Γ2
(
1
2 −m
)z−1eq g21z4m−4S
(
gS
g1
)−2l(
ω
ωs
)5−2m−2ns
(3.35)
[
dΩψ
d lnω
]
n1>1
=
22ns−2m−1
(14 −m2)2
Γ2 (ns)
Γ2
(
m− 12
)z−1eq g21z−6S
(
gS
g1
)−2l (
ω
ωs
)7+2m−2ns
.
(3.36)
2. Massless spectrum: contribution of the time dependent mode of ψ
As usual, we use the constant mode of Π to evaluate the contribution of the time dependent mode of ψ. The
approximate late time solutions of the perturbation equation are given in eq.(3.28). Using the asymptotic expansion
of Bessel functions, the solutions (either during RD or MD) approach, for kη > 1
Πk = S
√
k√
2
(
αke
−ikη + βkeikη
)
(3.37)
where
|αk| = |βk| = 2n1−ns
∣∣∣∣Γ (−npis )Γ (−npi1 )
∣∣∣∣ z−1/2−m+n1S
(
gS
g1
)l(
k
ks
)−n1+ns
for n1 > 0 (3.38)
and
|αk| = |βk| = 2
3n1−ns−1
|n1(1− 2n1)|
∣∣∣∣Γ (−npis )Γ (npi1 )
∣∣∣∣ z−1/2−m−n1S
(
gS
g1
)l (
k
ks
)n1+ns
for n1 < 0. (3.39)
The number of massless particles Nk of a given wavenumber k, can be expressed as Nk = |βk|2. Note that we are
calculating the number of particles directly from the solution for Πk. We could have also used the relation Π = S
2ψ′,
use the standard definition of Nk from the coefficients in the solution for ψ and obtain the same result.
Using eq.(3.30), n1 =
1
2 −m, and using dΩpi to denote the contribution from the time dependent mode of ψ (the
constant mode of Π) we arrive at the final expressions
[
dΩpi
d lnω
]
n1>0
= 21−2m−2ns
Γ2 (1− ns)
Γ2
(
m+ 12
)z−1eq g21z−4m−4S
(
gS
g1
)2l(
ω
ωs
)3+2m+2ns
(3.40)
[
dΩpi
d lnω
]
n1<0
=
2−6m−2ns−5
m2(m− 12 )2
Γ2 (1− ns)
Γ2
(− 12 −m)z
−1
eq g
2
1z
−6
S
(
gS
g1
)2l(
ω
ωs
)5−2m+2ns
.
(3.41)
3. Massive spectrum: contribution of the constant mode of ψ
The final result for the contribution of the constant mode of ψ to the spectrum of massive particles (recall that we
are using the massless approximation, defined at the beginning of this section) maybe read off from the final result for
massless particles, eqs.(3.35) and (3.36), by making the substitution of one power of ω/ωs by one power of
√
M2+ω2
ωs
,
[
dΩψ
d lnω
]
n1<1
= 22ns+2m−1
Γ2 (ns)
Γ2
(
1
2 −m
)z−1eq g21z4m−4S
(
gS
g1
)−2l(
ω
ωs
)4−2m−2ns √M2 + ω2
ωs
(3.42)
[
dΩψ
d lnω
]
n1>1
=
22ns−2m−1
(14 −m2)2
Γ2 (ns)
Γ2
(
m− 12
)z−1eq g21z−6S
(
gS
g1
)−2l(
ω
ωs
)6+2m−2ns √M2 + ω2
ωs
. (3.43)
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4. Massive spectrum: contribution of the time dependent mode of ψ
The final result for the contribution of the constant mode of ψ to the spectrum of massive particles (recall that we
are using the massless approximation, defined at the beginning of this section) maybe read off from the final result for
massless particles, eqs.(3.40) and (3.41), by making the substitution of one power of ω/ωs by one power of
√
M2+ω2
ωs
,
[
dΩpi
d lnω
]
n1>0
= 21−2m−2ns
Γ2 (1− ns)
Γ2
(
m+ 12
)z−1eq g21z−4m−4S
(
gS
g1
)2l(
ω
ωs
)2+2m+2ns √M2 + ω2
ωs
(3.44)
[
dΩpi
d lnω
]
n1<0
=
2−6m−2ns−5
m2(m− 12 )2
Γ2 (1− ns)
Γ2
(− 12 −m)z−1eq g21z
−6
S
(
gS
g1
)2l(
ω
ωs
)4−2m+2ns √M2 + ω2
ωs
. (3.45)
C. Late time solutions and spectrum: The massive approximation
If the produced particles are massive, and at ηre, Mare > k, we are unable to solve the late time equation exactly,
and therefore need to resort to another matching procedure. We choose to perform the matching at η = ηre, where
k2 +M2a2re ∼ H2. We match a solution from outside the horizon to a massive solution inside. This is not an ideal
match, but both are expected to be fairly accurate at ηre. Note that the solutions outside the horizon were obtained
using a “massless” equation, however outside the horizon the dominant term is S′′/S anyhow, and therefore no large
inaccuracies should be induced. We then need to know whether ηre occurs during RD or MD. If Maeq > H(ηeq)
then the the reentry time of all perturbation will be at earlier times. Therefore, for M > 10−27eV , the reentry time
is during RD. Since we do not expect any particles to have masses smaller than 10−27eV , we continue under the
assumption that ηre < ηeq . We have performed the calculations for the case ηre > ηeq, however, we will not present
them in this paper.
In a standard way, we compute from the solution the number of produced particles at a given wave number k, Nk.
We then compute the ratio of the energy density per octave of the produced particles to the critical energy density
dΩ
d lnω . As already shown, for massive particles dΩ/(d lnω) is given by eq.(3.31).
The equation of motion in the massive approximation is
χ′′k +M
2a2χk = 0 (3.46)
and it’s solutions in the WKB approximation are given by
χ±k =
1√
2Ma(η)
exp
(
±i
∫ η
Ma(η′)dη′
)
, (3.47)
where for the RD epoch (η < ηeq)
χ±k =
1√
2Ma1k1η
exp
(
±i1
2
Ma1k1η
2
)
, (3.48)
Since ψ = S−1χ the general solution for the massive perturbation for RD is the following,
ψmassivek =
1√
2Ma1k1η
S−1(η)
[
αk exp
(
−i1
2
Ma1k1η
2
)
+ βk exp
(
i
1
2
Ma1k1η
2
)]
. (3.49)
We will also need the general solution for the conjugate momentum, which can either be derived form the equation
for χpi or from the relation Π = S2ψ′, both yielding the approximate solution
Πmassivek =
√
2Ma1k1ηS(η)
[
αpik exp
(
−i1
2
Ma1k1η
2
)
+ βpik exp
(
i
1
2
Ma1k1η
2
)]
. (3.50)
Instead of using only ψ at late times, we will again use Π, making sure that we do not double count the number of
produced particles.
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1. Massive spectrum: The contribution of the constant mode of ψ
As in the massless case, we assume that H21 > k
2 +M2a21, for all k, therefore solutions for η > η1 are given in
eqs.(3.21), (3.22). We reproduce here their approximate forms,
ψoutk = S
−1(η)
√
pi2ns+n1−2
n1(1 − n1)
Γ (ns)
Γ (−n1)z
−1
S
(
gS
g1
)−l(
k
ks
)2−n1−ns√
ηJn1(kη) for n1 > 1 (3.51)
ψoutk = S
−1(η)
√
pi2ns−n1−1
Γ (ns)
Γ (n1)
z2mS
(
gS
g1
)−l (
k
ks
)n1−ns√
ηJ−n1(kη) for n1 < 1 (3.52)
In the case of the massive approximation these solutions are correct only for H2 > k2 +M2a2. Therefore for kη < 1
(and M < k/a) the leading terms are
ψn1>1 =
1√
piks
2ns−2Γ (ns)
n1(1− n1) a
−m
s z
2(n1−1)
S g
−l
S
(
k
ks
)2−ns
(ksη)
2n1 (3.53)
for the time dependent mode, and
ψn1<1 =
1√
piks
2ns−1Γ (ns) a−ms g
−l
S
(
k
ks
)−ns
(3.54)
for the constant mode.
(a) The case n1 > 1.
In the case n1 > 1, the approximate solution for η <∼ ηre is given in eq.(3.53), and for η >∼ ηre we obtained the
approximate solution in eq.(3.49). We connect the solutions at η = ηre by matching them and their first derivatives,
ψoutk (ηre) = ψ
massive
k (ηre) and ψ
out
k (ηre)
′ = ψmassivek (ηre)
′. Using the relations H(ηre) = Ma(ηre) and η−1re ≡ kre =
(Ma1k1)
1/2
, the results of the matching give
|βk| = |3m+ i|√
pi
2ns−3 |Γ (ns)|
|n1(1− n1)| z
−1
S
(
gS
g1
)−l(
k
ks
)2−ns (kre
ks
)−n1
. (3.55)
Since kre/ks = (Ma1/k1)
1/2
zS, and since we assume as in [21] k1/a1 =Ms, we obtain
|βk| = |3m+ i|√
pi
2ns−3 |Γ (ns)|
|n1(1− n1)| z
m−3/2
S
(
gS
g1
)−l(
ω
ωs
)2−ns (M
Ms
)−n1/2
.
(3.56)
Using eq.(3.31), and the definition of n1, we obtain the final result[
dΩψ
d lnω
]
n1>1
=
|3m+ i|2
pi
22ns−6
(14 −m2)2
Γ2 (ns) z
−1
eq g
2
1z
2m−7
S
(
gS
g1
)−2l √
M2 + ω2
ωs
(
ω
ωs
)7−2ns (M
Ms
)m−1/2
.
(3.57)
(b) The case n1 < 1.
In the case n1 < 1 we obtained the approximate form of the solution for η <∼ ηre in eq.(3.54). and for η >∼ ηre
we obtained the approximate form of the solution in eq.(3.49). We connect the solutions at η = ηre by matching
them and their first derivatives, ψoutk (ηre) = ψ
massive
k (ηre) and ψ
out
k (ηre)
′ = ψmassivek (ηre)
′. Using the relations
H(ηre) =Ma(ηre) and η
−1
re ≡ kre = (Ma1k1)1/2, the results of the matching give
|βk| =
∣∣ 1
2 +m+ i
∣∣
√
pi
2ns−2 |Γ (ns)| z2mS
(
gS
g1
)−l(
k
ks
)−ns (kre
ks
)n1
.
(3.58)
Since kre/ks = (Ma1/k1)
1/2
zS and since we assume as in [21] k1/a1 =Ms we obtain
|βk| =
∣∣ 1
2 +m+ i
∣∣
√
pi
2ns−2 |Γ (ns)| zm+1/2S
(
gS
g1
)−l(
ω
ωs
)−ns (M
Ms
)n1/2
.
(3.59)
Using eq.(3.31), and the definition of n1, we obtain the final result[
dΩψ
d lnω
]
n1<1
=
∣∣ 1
2 +m+ i
∣∣2
pi
22ns−4Γ2 (ns) z−1eq g
2
1z
2m−3
S
(
gS
g1
)−2l √
M2 + ω2
ωs
(
ω
ωs
)3−2ns (M
Ms
)1/2−m
.
(3.60)
Note that the spectrum is actually partially amplified because the relative density of massive particles during RD is
growing as the scale factor.
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2. Massive spectrum: The contribution of the time dependent mode of ψ
As in the massless approximation, we assume that H21 > k
2+M2a21, for all k. We use our method of calculating the
contribution of the time dependent mode of ψ by using it’s correspondence to the constant mode of Π. The solutions
are given in eq.(3.28). We reproduce here their approximate forms,
Πoutk = S(η)
√
pi2n1−ns−1
Γ (−npis )
Γ (−npi1 )
z−2mS
(
gS
g1
)l(
k
ks
)−n1+ns
k
√
ηJnpi
1
(kη) for n1 > 0 (3.61)
Πoutk = S(η)
√
pi23n1−ns−2
n1(1− 2n1)
Γ (−npis )
Γ (npi1 )
z−1S
(
gS
g1
)l(
k
ks
)n1+ns
k
√
ηJ−npi
1
(kη) for n1 < 0. (3.62)
In the case of massive particles these solutions are correct only for H2 > k2 +M2a2. Therefore for kη < 1 (and
M < k/a) the leading terms are
Πoutk =
√
piks2
1−npis Γ (−npis ) ams glS
(
k
ks
)ns
for n1 > 0, (3.63)
and
Πoutk =
√
piks
24n1−ns−3
n1(1 − 2n1)Γ (−n
pi
s ) a
m
s g
l
Sz
−1+2m
S
(
k
ks
)1+ns−2m
(kη)2m+1 for n1 < 0. (3.64)
(a) The case n1 > 0.
In the case n1 > 0, the approximate solution for η <∼ ηre is given in eq.(3.63) and for η >∼ ηre it is given in eq.(3.50).
We connect the solutions at η = ηre by matching them and their first derivatives, Π
out
k (ηre) = Π
massive
k (ηre) and
Πoutk (ηre)
′ = Πmassivek (ηre)
′, and obtain
|βk| =
∣∣ 1
2 +m+ i
∣∣ 2−2−npis√pi |Γ (−npis )| z−2mS
(
gS
g1
)l(
k
ks
)ns (kre
ks
)−n1
.
(3.65)
Using kre/ks = (Ma1/k1)
1/2
zS and since we assume as in [21] k1/a1 =Ms,
|βk| =
∣∣1
2 +m+ i
∣∣ 2−2−npis√pi |Γ (−npis )| z−m−1/2S
(
gS
g1
)l (
ω
ωs
)ns (M
Ms
)−n1/2
.
(3.66)
Using eq.(3.31), and the definitions of npis and n1, we get the final result[
dΩpi
d lnω
]
n1>0
=
∣∣1
2 +m+ i
∣∣2 pi
22+2ns
Γ2 (1− ns) z−1eq g21z−2m−5S
(
gS
g1
)2l √
M2 + ω2
ωs
(
ω
ωs
)3+2ns (M
Ms
)m−1/2
.
(3.67)
(b) The case n1 < 0.
In the case n1 < 0, the approximate solution for η <∼ ηre is given in eq.(3.64) and for η >∼ ηre it is given in eq.(3.50).
We connect the solutions at η = ηre by matching them and their first derivatives, Π
out
k (ηre) = Π
massive
k (ηre) and
Πoutk (ηre)
′ = Πmassivek (ηre)
′. Using kre/ks = (Ma1/ks)
1/2
zS, and since we assume as in [21] k1/a1 =Ms, we obtain
|βk| =
∣∣− 12 −m+ i∣∣
√
pi 24n1−ns−4
n1(1− 2n1) |Γ (−n
pi
s )| z−5/2−mS
(
gS
g1
)l(
ω
ωs
)2+ns (M
Ms
)n1/2−1
.
(3.68)
Using eq.(3.31), and the definitions of npiS and n1, we obtain the final result[
dΩpi
d lnω
]
n1<0
=
∣∣− 12 −m+ i∣∣2 pi 2−6−2ns−8mm2(12 −m)2Γ2 (1− ns)×
z−1eq g
2
1z
−9−2m
S
(
gS
g1
)2l √
M2 + ω2
ωs
(
ω
ωs
)7+2ns (M
Ms
)−m−3/2
.
(3.69)
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IV. SPECTRA OF PRODUCED PARTICLES
In this section we collect the different contributions that we calculated in the previous section and put them together
into complete spectra for massless and massive particles. We use this opportunity to recall the parameters that appear
in the expressions for the spectra. The spectra we obtain depend on two parameters, the total redshift during the
string phase zS = a1/aS , and the ratio of string coupling at the beginning and end of string phase gS/g1. The
coupling g1 is considered a known number, the value of the string coupling today, and so is the string mass Ms. The
frequency ωs is expressed as ωs = w1/zS where ω1 is taken to be known [21]. Also appearing are the redshift since
matter-radiation equality zeq. We recall also the definition, ns =
[√
3(l +m) + 1−m] /2. All spectra are valid for
ω ≤ ωs, unless otherwise stated. We present the resulting spectra in their original form, but also in a more symmetric
form in the spirit of [18], to help in the possible uncovering and understanding of some underlying symmetry.
A. The spectrum of massless particles
(a) The case n1 > 1 (m < − 12).
In this case dΩd lnω =
[
dΩψ
d lnω
]
n1>1
+
[
dΩpi
d lnω
]
n1>0
. The relevant expressions appear in eq.(3.36) and (3.40).
dΩ
d lnω
=
22ns−2m−1
(14 −m2)2
Γ2 (ns)
Γ2
(
m− 12
)z−1eq g21z−6S
(
gS
g1
)−2l(
ω
ωs
)7+2m−2ns
+ 21−2m−2ns
Γ2 (1− ns)
Γ2
(
m+ 12
)z−1eq g21z−4m−4S
(
gS
g1
)2l(
ω
ωs
)3+2m+2ns
.
(4.1)
The leading contribution is determined by the ratio of the two terms which is approximately z2−4mS (
gS
g1
)4l, if gSg1
<∼ 1
and zS ≫ 1 then the second term will dominate. The frequency dependence of the second (and leading) term in
eq.(4.1) is determined by the index n = 3 + 2m + 2ns = 4 + m +
√
3(l + m). So, for example, for a perturbative
dilaton dependence l = −1, n = 4 − √3 + (1 + √3)m. Therefore, all spectra with l = −1 and m ≤ −1 will be
decreasing spectra. In particular, the case l = −1 and m = −1 corresponding to the usual antisymmetric tensor will
have n = 3− 2√3 ≃ −0.46. More negative values of m will give more sharply decreasing spectra.
We may present eq.(4.1) in a more symmetric form suggested in [18]. We do this to allow for a future study to
reveal underlying symmetry.
dΩ
d lnω
= N Il,m z−1eq g21z−2m−5S
(
ω
ωs
)5+2m
×
{
AIl,m z2m−1S
(
gS
g1
)−2l(
ω
ωs
)2−2ns
+AIl,m
−1
z−2m+1S
(
gS
g1
)2l(
ω
ωs
)−2+2ns}
, (4.2)
where N IIl,m and AIIl,m can be read off eq.(4.1).
(b) The case 1 > n1 > 0 (
1
2 > m > − 12).
In this case dΩd lnω =
[
dΩψ
d lnω
]
n1<1
+
[
dΩpi
d lnω
]
n1>0
. The relevant expressions are given in eq.(3.35) and (3.40).
dΩ
d lnω
= 22ns+2m−1
Γ2 (ns)
Γ2
(
1
2 −m
)z−1eq g21z4m−4S
(
gS
g1
)−2l(
ω
ωs
)5−2m−2ns
+ 21−2m−2ns
Γ2 (1− ns)
Γ2
(
m+ 12
)z−1eq g21z−4m−4S
(
gS
g1
)2l(
ω
ωs
)3+2m+2ns
.
(4.3)
The leading contribution is determined by the ratio of the two terms which is approximately z−8mS (
gS
g1
)4l, if gSg1
<∼ 1
and zS ≫ 1 then the dominant term is determined by the sign of m. The case m = 0, l = −1 corresponds to photons,
studied in [12]. In that case, the second term dominates because of the factor (g1/gS)
4. It is the only term computed
in [12]. The index determining the frequency dependence is n = 4−√3. It is comforting to observe that our method
of calculation, not relying on specific background evolution during the string phase gives the same results (where
available) as a calculation relying on some specific background evolution.
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We may represent eq.(4.3) in a more symmetric form. We do this to allow for a future study to reveal underlying
symmetry.
dΩ
d lnω
= N IIl,m z−1eq z−4S g21
(
ω
ωs
)4
×
{
AIIl,m
(
gS
g1
)−2l(
ω
ωs
)1−2m−2ns
+AIIl,m
−1
(
gS
g1
)2l (
ω
ωs
)−1+2m+2ns}
, (4.4)
where N IIl,m and AIIl,m can be read off eq.(4.3).
(c) The case n1 < 0 (m >
1
2).
In this case dΩd lnω =
[
dΩψ
d lnω
]
n1<1
+
[
dΩpi
d lnω
]
n1<0
. The relevant expressions are given in eq.(3.35) and (3.41).
dΩ
d lnω
= 22ns+2m−1
Γ2 (ns)
Γ2
(
1
2 −m
)z−1eq g21z4m−4S
(
gS
g1
)−2l(
ω
ωs
)5−2m−2ns
+
2−6m−2ns−5
m2(m− 12 )2
Γ2 (1− ns)
Γ2
(− 12 −m)z−1eq g21z
−6
S
(
gS
g1
)2l(
ω
ωs
)5−2m+2ns
.
(4.5)
The leading contribution is determined by the ratio of the two terms which is approximately z−4m−2S (
gS
g1
)4l, if
gS
g1
<∼ 1 and zS ≫ 1 then the first term will dominate. The frequency dependence of the first (and leading) term in
eq.(4.5) is determined by the index n = 5 − 2m − 2ns = 4 − m −
√
3(l + m). So, for example, for a perturbative
dilaton dependence l = −1, n = 4+√3− (1+√3)m. Therefore, all spectra with l = −1 and m ≤ 1 will be increasing
spectra. In particular, the case l = −1 and m = 1 corresponding to gravitons and dilatons will have n = 3 as in [17,5]
(we have used an approximation in which the logarithmic factors are missing). Again, we observe that our method
of calculation, not relying on specific background evolution during the string phase gives the same results (where
available) as a calculation relying on some specific background evolution.
More negative values of m will correspondingly give more sharply increasing spectra. The spectrum of the model
independent axion, for which l = 1, m = 1, will have an index n = 4 − 2√3 ≃ −0.46. Note that this is exactly the
index of the leading contribution to the spectrum of the antisymmetric tensor (a fact known to the authors of [19]).
In this class of generically increasing spectra the axion is standing out with it’s decreasing spectrum.
We may represent eq.(4.5) in a more symmetric form. We do this to allow for a future study to reveal underlying
symmetry.
dΩ
d lnω
= N IIIl,m z−1eq z2m−5S g21
(
ω
ωs
)5−2m
×
{
AIIIl,m z2m+1S
(
gS
g1
)−2l (
ω
ωs
)−2ns
+AIIIl,m
−1
z−2m−1S
(
gS
g1
)2l(
ω
ωs
)2ns}
, (4.6)
where N IIIl,m and AIIIl,m can be read off eq.(4.5).
B. The spectrum of massive particles
1. The discontinuity in the spectrum of the massive particles
The spectrum we computed in section (3.C) was that of massive particles that enter the horizon as massive particles,
so at ηre, k/a(ηre) < M . The spectrum of massive particles computed in section (3.B), is valid for massive particles
if at ηre, k/a(ηre) > M . In the approximation scheme that we are using, there will be a discontinuity in the slope
of the spectrum of massive particles, at a wavenumber km, where km is defined by the condition km/a(ηm) = M .
The moment ηm is the (conformal) time where the approximation k/a(ηm) > M at reentry is no longer correct. To
compute km we switch momentarily to cosmic time. First, since tm is during RD (see below), it can be computed
from M = H(tm) = H1t1/tm. Since a(tm) depends on whether tm is bigger or smaller then teq , we get that if
tm < teq (i.e. M > H(teq) = 10
−27ev), all the particles will get into the horizon in the RD period. Therefore
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a(tm) = a1(tm/t1)
1/2 = a1(H1/M)
1/2 and since H1 = k1/a1 we obtain a(tm) = (k1a1/M)
1/2, so km = (Ma1k1)
1/2
.
Because ωmω1 =
km
k1
and k1/a1 =Ms,
km
k1
= (Ma1k1)
1/2
Msa1
. Therefore
km
k1
=
(
M
Ms
)1/2
.
(4.7)
The discontinuity of the slope will be at a frequency ωm = ω1
(
M
Ms
)1/2
. At that frequency
ωm
ωs
= zS
(
M
Ms
)1/2
.
(4.8)
If ωs > M , there will be an additional change in the slope at ω =M , above which
√
M2+ω2
ωs
≃ ωωs , and the spectrum
of massive particles and massless particles become approximately the same.
2. Spectrum of massive particles
(a) The case n1 > 1
(
m < − 12
)
.
In this case dΩd lnω =
[
dΩψ
d lnω
]
n1>1
+
[
dΩpi
d lnω
]
n1>0
.
For ωm < ω < ωs the relevant expressions are given in eq.(3.43) and (3.44).
dΩ
d lnω
=
22ns−2m−1
(14 −m2)2
Γ2 (ns)
Γ2
(
m− 12
)z−1eq g21z−6S
(
gS
g1
)−2l(
ω
ωs
)6+2m−2ns √M2 + ω2
ωs
+ 21−2m−2ns
Γ2 (1− ns)
Γ2
(
m+ 12
)z−1eq g21z−4m−4S
(
gS
g1
)2l (
ω
ωs
)2+2m+2ns √M2 + ω2
ωs
. (4.9)
For ω < ωm, the relevant expressions are given in eq.(3.57) and (3.67).
dΩ
d lnω
=
|3m+ i|2
pi
22ns−6
(14 −m2)2
Γ2 (ns) z
−1
eq g
2
1z
2m−7
S
(
gS
g1
)−2l(
ω
ωs
)7−2ns √M2 + ω2
ωs
(
M
Ms
)m−1/2
+
∣∣1
2 +m+ i
∣∣2 pi
22+2ns
Γ2 (1− ns) z−1eq g21z−2m−5S
(
gS
g1
)2l(
ω
ωs
)3+2ns √M2 + ω2
ωs
(
M
Ms
)m−1/2
.
(4.10)
At ω = ωm we may check, using eq.(4.8) that the spectrum is continuous, up to numerical factors of order 1. The
spectral index, however, jumps at ωm.
If ωs > M , then for the range M < ω < ωs the spectrum is approximately the same as the massless spectrum,
eq.(4.1).
As in the massless case we may determine the leading contribution to the spectrum. It is determined by the ratio
of the terms which is approximately z2−4mS (
gS
g1
)4l, if gSg1
<∼ 1 and zS ≫ 1 then the second term will dominate. For
example, for l = −1 andm = −1 the spectral index will be n = 2−2√3 ≃ −1.46 for w > ωm and n = 5−2
√
3 ≃ +1.53
for w < ωm. If ωs > M , then for M < ω < ωs the index is n = 3− 2
√
3 ≃ −0.46.
Eqs.(4.9), (4.10) may be presented in a more symmetric, perhaps related to some symmetry of the underlying
physics. We present here only the symmetric form of eq.(4.10).
dΩ
d lnω
=MIl,mz−1eq g21z−6S
√
M2 + ω2
ωs
(
ω
ωs
)5 (
M
Ms
)m− 12
×
{
BIl,m
(
gS
g1
)−2l
z2m−1S
(
ω
ωs
)2−2ns
+ BIl,m
−1
(
gS
g1
)2l
z−2m+1S
(
ω
ωs
)−2+2ns}
, (4.11)
whereMIl,m and BIl,m are numerical coefficients of order one which could be read off eq.(4.10).
(b) The case 1 > n1 > 0
(− 12 < m < 12) .
In this case dΩd lnω =
[
dΩψ
d lnω
]
n1<1
+
[
dΩpi
d lnω
]
n1>0
.
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For ωm < ω < ωs the relevant expressions are given in eq.(3.42) and (3.44).
dΩ
d lnω
= 22ns+2m−1
Γ2 (ns)
Γ2
(
1
2 −m
)z−1eq g21z4m−4S
(
gS
g1
)−2l(
ω
ωs
)4−2m−2ns √M2 + ω2
ωs
+ 21−2m−2ns
Γ2 (1− ns)
Γ2
(
m+ 12
)z−1eq g21z−4m−4S
(
gS
g1
)2l(
ω
ωs
)2+2m+2ns √M2 + ω2
ωs
. (4.12)
For ω < ωm, the relevant expressions are given in eq.(3.60) and (3.67).
dΩ
d lnω
=
∣∣ 1
2 +m+ i
∣∣2
pi
22ns−4Γ2 (ns) z−1eq g
2
1z
2m−3
S
(
gS
g1
)−2l √
M2 + ω2
ωs
(
ω
ωs
)3−2ns (M
Ms
)1/2−m
+
∣∣1
2 +m+ i
∣∣2 pi
22+2ns
Γ2 (1− ns) z−1eq g21z−2m−5S
(
gS
g1
)2l √
M2 + ω2
ωs
(
ω
ωs
)3+2ns (M
Ms
)m−1/2
.
(4.13)
At ω = ωm we may check, using eq.(4.8) that the spectrum is continuous, up to numerical factors of order 1.
If ωs > M , then for the range M < ω < ωs the spectrum is approximately the same as the massless spectrum,
eq.(4.3).
The determination of the leading contribution is more complicated now, because the ratio of the two terms in each
range is different and involves also the ratio MMs . We postpone such analysis to a more detailed study of specific cases.
Eqs.(4.12), (4.13) may be presented in a more symmetric, perhaps related to some symmetry of the underlying
physics. We present here only the symmetric form of eq.(4.13).
dΩ
d lnω
=MIIl,mz−1eq z−4S g21
√
M2 + ω2
ωs
(
ω
ωs
)3
×
{
BIIl,mz2m+1S
(
gS
g1
)−2l (
ω
ωs
)−2ns (M
Ms
)m− 12
+ BIIl,m
−1
z−1−2mS
(
gS
g1
)2l(
ω
ωs
)2ns (M
Ms
)1
2−m
}
, (4.14)
whereMIIl,m and BIIl,m are numerical coefficients of order one which could be read off eq.(4.13).
(c) The case n1 < 0
(
m > 12
)
.
In this case dΩd lnω =
[
dΩψ
d lnω
]
n1<1
+
[
dΩpi
d lnω
]
n1<0
.
For ωm < ω < ωs the relevant expressions are given in eq.(3.42) and (3.45).
dΩ
d lnω
= 22ns+2m−1
Γ2 (ns)
Γ2
(
1
2 −m
)z−1eq g21z4m−4S
(
gS
g1
)−2l(
ω
ωs
)4−2m−2ns √M2 + ω2
ωs
+
2−6m−2ns−5
m2(m− 12 )2
Γ2 (1− ns)
Γ2
(− 12 −m)z
−1
eq g
2
1z
−6
S
(
gS
g1
)2l(
ω
ωs
)4−2m+2ns √M2 + ω2
ωs
. (4.15)
For ω < ωm, the relevant expressions are given in eq.(3.60) and (3.69).
[
dΩψ
d lnω
]
=
∣∣1
2 +m+ i
∣∣2
pi
22ns−4Γ2 (ns) z−1eq g
2
1z
2m−3
S
(
gS
g1
)−2l √
M2 + ω2
ωs
(
ω
ωs
)3−2ns (M
Ms
)1/2−m
+
∣∣1
2+m− i
∣∣2 pi 2−6−2ns−8m
m2(12−m)2
Γ2 (1−ns) z−1eq g21z−9−2mS
(
gS
g1
)2l √
M2 + ω2
ωs
(
ω
ωs
)7+2ns (M
Ms
)−m−3/2
.
(4.16)
At ω = ωm we may check, using eq.(4.8) that the spectrum is continuous, up to numerical factors of order 1.
If ωs > M , then for the range M < ω < ωs the spectrum is approximately the same as the massless spectrum,
eq.(4.5).
The determination of the leading contribution is more complicated now, because the ratio of the two terms in each
range is different and involves also the ratio MMs . We postpone such analysis to a more detailed study of specific cases.
Eqs.(4.15), (4.16) may be presented in a more symmetric, perhaps related to some symmetry of the underlying
physics. We present here only the symmetric form of eq.(4.16).
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dΩ
d lnω
=MIIIl,mz−1eq z−6S g21
√
M2 + ω2
ωs
(
ω
ωs
)5(
M
Ms
)− 12−m
×
{
BIIIl,mz2m+3S
(
gS
g1
)−2l(
ω
ωs
)−2−2ns (M
Ms
)
+ BIIIl,m
−1
z−3−2mS
(
gS
g1
)2l(
ω
ωs
)2+2ns (M
Ms
)−1}
, (4.17)
whereMIIIl,m and BIIIl,m are numerical coefficients of order one which could be read off eq.(4.16).
The spectra of massless and massive particles can be translated into each other by using the relations M/Ms =
(kre/ks)
2
z−2S for the massive case and (kre/ks)
2
z−2S = (ω/ωs)
2
z−2S for the massless case. The substitutions
(ω/ωs)
2
z−2S ↔M/Ms in addition to the substitution accounting for the difference in the energy
√
M2 + ω2/ωs ↔ ω/ωs
translate the results from the massive case into those of the massless case and vice versa.
V. CONCLUSIONS
Spectra of produced particles in string cosmology models come in different shapes, as summarized in section 4.
Even though the background curvature is increasing during the inflationary dilaton-driven phase, spectra are not
necessarily increasing. This peculiarity comes about because different types of particles couple differently to the
background curvature and dilaton, and in addition, spectra of massless and massive particles are different.
During the string phase, the use of the lowest order equations for the background or for perturbations is questionable,
and therefore it might have been possible to doubt the validity and accuracy of the calculations of particle production.
We have argued that to estimate particle production during the dilaton-driven phase it is not necessary to know the
details of the evolution during the string phase. If the principle of causality is used, expressed in practical terms by
the “freezing” of the perturbation amplitude and it’s conjugate momentum, it is possible to do reliable calculations.
Our results provide several explicit checks of this principle, by comparison with other calculations, and therefore give
further credibility to existing spectral calculations.
We have not used any explicit symmetry considerations in our calculations. However, it is clear that spectral indices
and perhaps other properties of the spectra could be analized using an underlying symmetry as in [18].
Among the spectra we found there are some with weak dependence on frequency and some decreasing spectra which
contain substantial power at large wavelength. Because these spectra depend differently on the basic parameters of the
models, requiring that they be compatible with astrophysical and cosmological bounds is likely to narrow the allowed
range of the parameters. Their existence also suggests an obvious source for the observed large scale anisotropy.
Relic massive particles are an appealing source for cold or hot dark matter. However, to decide on this issue,
further analysis and input are necessary. To compute relic abundances of particles we need to know more about their
interactions and also about the late time evolution of the Universe. We are completing such analysis for axions, and
hope to perform similar analyses for other particles.
As already mentioned several times, there are obvious improvements and generalizations to our calculations.
Straightforward improvements, that cannot however be performed in a general way, concern the late time back-
ground evolution, and the inclusion of effects of particle decay and interactions. Among possible generalizations, we
view considering other background evolutions as particularly interesting. This was partially done in [14,19] and should
provide information about the robustness of the spectra.
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